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BERNSTEIN-TYPE THEOREM FOR ZERO MEAN CURVATURE
HYPERSURFACES WITHOUT TIME-LIKE POINTS IN
LORENTZ-MINKOWSKI SPACE
S. AKAMINE, A. HONDA, M. UMEHARA, AND K. YAMADA
Abstract. Calabi and Cheng-Yau’s Bernstein-type theorem asserts that an
entire zero mean curvature graph in Lorentz-Minkowski (n + 1)-space Rn+1
1
which admits only space-like points is a hyperplane. Recently, the third and
fourth authors proved a line theorem for hypersurfaces at their degenerate
light-like points. Using this, we give an improvement of the Bernstein-type
theorem, and we show that an entire zero mean curvature graph in Rn+1
1
consisting only of space-like or light-like points is a hyperplane. This is a
generalization of the first, third and fourth authors’ previous result for n = 2.
1. Introduction
For the sake of simplicity, we abbreviate ‘zero mean curvature’ to ‘ZMC’. We
let Rn+11 (n ≥ 2) be the Lorentz-Minkowski (n+ 1)-space of signature (+ · · ·+−).
Let f : Ω → R be a C2-differentiable function defined on a domain Ω in Rn.
Consider the following two associated functions
Bf := 1− f
2
x1
− · · · − f2xn , Af :=
n∑
i,j=1
(Bfδi,j + fxifxj )fxi,xj ,
where fxi := ∂f/∂xi, fxi,xj := ∂
2f/∂xi∂xj and δi,j denotes Kronecker’s delta.
The graph Gf := {(x, f(x)) ∈ R
n+1
1 ; x ∈ Ω} of a function f : Ω→ R is called zero
mean curvature graph (i.e. ZMC-graph) if Af vanishes identically on Ω (cf. [12,
Appendix B]). Also, the graph Gf is said to be of constant mean curvature graph
(i.e. CMC-graph) if A2f − kB
3
f vanishes identically on Ω for a certain constant
k ∈ R. If Ω := Rn, Gf is called an entire graph in R
n+1
1 .
Definition 1. Let f : Ω → R be a C3-function. A point where Bf > 0 (resp.
Bf < 0, Bf = 0) is said to be space-like (resp. time-like, light-like) of Gf . The
graph Gf consisting only of space-like points is said to be space-like. If Ω contains
space-like points and time-like points, then the graph Gf is called of mixed type.
On the other hand, Gf consisting only of light-like points is said to be light-like.
Moreover, a light-like point x ∈ Ω is said to be non-degenerate if ∇Bf 6= 0 at x and
is said to be degenerate if ∇Bf = 0 at x, where ∇Bf is the gradient vector field of
the function Bf .
The following theorem was proved by Calabi [3] for n ≤ 4 and by Cheng-Yau [4]
for n ≥ 5:
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Fact 2 (Bernstein-type theorem for space-like ZMC-hypersurfaces). An entire
space-like ZMC-graph is a hyperplane in Rn+11 .
This is an analogue of the classical Bernstein theorem for minimal surfaces in the
(n + 1)-dimensional Euclidean space for n ≤ 7. The assumption that Gf consists
only of space-like points cannot be removed. In fact,
(1) f0(x1, x2, ..., xn−1, xn) := xn + g(x1),
gives an entire graph without space-like points, where g(t) (t ∈ R) is a C∞-function
of one variable. A systematic construction of entire ZMC-graphs of mixed type is
given in [8]. The following fact is known.
Fact 3 (The line theorem for ZMC-hypersurfaces). Let Gf be the ZMC-graph of a
C4-differentiable function f defined on a domain Ω ⊂ Rn. If o ∈ Ω is a degenerate
light-like point, then there exists a straight line segment σ (⊂ Rn) passing through
o ∈ Ω such that o is not an endpoint of σ and Ω∩σ consists of degenerate light-like
points of Gf , and σ ∋ x 7→ (x, f(x)) gives a light-like line segment in R
n+1
1 .
The case n = 2 was proved by Klyachin [10] under C3-differentiability of f , and
was generalized for n ≥ 3 in the third and fourth authors’ work [12], assuming
C4-differentiability of f . Fact 3 holds for the ZMC-graph of arbitrary C4-functions
f on Ω satisfying (Dϕ(f) :=)Af − ϕBf = 0 for a certain C
2-function ϕ : Ω → R,
and also holds for real analytic CMC-graphs, see [12]. The purpose of this paper is
to prove the following improvement of the Bernstein-type theorem:
Theorem A. An entire C4-differentiable ZMC-graph in Rn+11 which does not admit
any time-like points is a hyperplane.
Since the line theorem holds for C4-functions f satisfying Dϕ(f) = 0, Theorem
A also holds for such f . When n = 2, Theorem A follows from a corollary with
slightly stronger assertion given in [1, Theorem A], which states that an entire
smooth ZMC-graph in R31 which is not a plane admits a non-degenerate light-like
point if the set of space-like points is non-empty. The authors do not know whether
the corresponding assertion still holds even when n ≥ 3, since a line cannot separate
a hyperplane for n ≥ 3. It should be remarked that a similar statement for area-
maximizing ZMC-hypersurfaces in Rn+11 was given in [5, Theorem F].
On the other hand, it is well-known that (cf. [12, Appendix]),
Af = Bf△f −
1
2
∇Bf ⋆∇f
holds, where △f :=
∑n
i=1 fxi,xi , ∇Bf := ((Bf )x1 , . . . , (Bf )xn) and ‘⋆’ is the canon-
ical Euclidean inner product of Rn. So each light-like graph is also a ZMC-graph.
Since it is well-known that (cf. [7], see also [12, Corollary B]) the line theorem
holds for light-like hypersurfaces under the C2-differentiability of f , we have the
following:
Corollary B. An entire C2-differentiable light-like graph in Rn+11 is a light-like
hyperplane.
When n = 2, this assertion has been proved in the appendix of [1]. The line
theorem holds not only for ZMC-hypersurfaces but also for real analytic CMC-
hypersurfaces (cf. [12, Theorem E]). Using the same proof for Theorem A, we also
obtain the following:
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Corollary C. An entire real analytic CMC-graph in Rn+11 which has no time-like
points and does have a light-like point must be a light-like hyperplane.
It is known that a CMC-graph never changes its causal type, see [9, Remark
2.2]. In particular, each light-like point on the graph is degenerate, and lies on a
light-like line, by [12, Theorem E]. Then Corollary C follows by the same proof
for Theorem A. In this corollary, the existence of a light-like point is crucial, since
there are entire space-like CMC-graphs which are not ZMC (cf. Treibergs [11]).
2. Proof of Theorem A
We first prepare the following. (As remarked in [5], it is due to Bartnik):
Lemma 4. Let Ω¯ be the closure of a convex domain in Rn which contains an entire
line l. Suppose that f : Ω¯→ R is a function such that each point of Ω¯ is space-like
or light-like. If l consists only of light-like points, then the graph of f lies in a
light-like hyperplane.
If Ω¯ is not convex, the assertion fails. Such an example is given in [2].
Proof. The proof is the same idea as in Ecker [5, Proposition G] and Fernandez-
Lopez [6, Lemma 2.1]: Since l consists only of light-like points, l ∋ x 7→ (x, f(x))
gives a light-like line L in Rn+11 . Since Ω¯ consists of only space-like or light-like
points, we have that |x − y| ≥ |f(x) − f(y)| holds for x, y ∈ Ω¯, where |z| =√∑n
i=1(zi)
2 for z = (z1, ..., zn) ∈ R
n. For each point P on the line L (⊂ Rn+11 ),
we set
Λ¯P := {Q ∈ R
n+1
1 ; (Q− P ) · (Q− P ) ≥ 0},
which is the closure of the exterior of the light-cone in Rn+11 centered at P , where
the dot denotes the Lorentzian inner product. We set F (x) := (x, f(x)) (x ∈ Ω¯).
Since Ω¯ is convex, any line segment PF (x) bounded by P and F (x) lies in Λ¯P . So we
have F (Ω¯) =
⋃
x∈Ω¯ PF (x) ⊂ Λ¯P for each P ∈ L. Thus, we have F (Ω¯) ⊂
⋂
P∈L Λ¯P .
Since
⋂
P∈L Λ¯P is a light-like hyperplane in R
n+1
1 , we obtain the conclusion. 
(Proof of Theorem A) Let Gf be the entire ZMC-graph of a C
4-differentiable func-
tion f : Rn → R which does not admit any time-like points. If there are no light-like
points on Rn, then f is C∞-differentiable, since f is a solution of the elliptic par-
tial differential equation Af = 0. Thus the assertion follows from Fact 1. So we
may assume that Gf admits at least one light-like point x ∈ R
n. If x is a non-
degenerate light-like point, then the function Bf changes sign, so Gf must admit
time-like points, a contradiction. Thus, x is a degenerate light-like point. By Fact
2, the graph of f contains a line segment σ (⊂ Rn) passing through x such that
• x is not an endpoint of σ,
• σ consists of degenerate light-like points of f , and
• σ ∋ x 7→ (x, f(x)) ∈ Rn+11 gives a light-like line segment in R
n+1
1 .
We let l be the complete line containing σ. If σ 6= l, then there exists an endpoint
p of σ on l. Then, p itself must be also a degenerate light-like point, since p is
an accumulation point of degenerate light-like points. Then applying Fact 2 again,
there exists a light-like line segment σ′ passing through p such that p is not an
endpoint of σ′. Since the ambient metric in Rn+11 is Lorentzian, the nullity of the
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induced metric of Gf is at most dimension one, and so the null direction at p is
uniquely determined. In particular, σ′ also lies in the line l. So the graph Gf
contains the entire line l consisting of degenerate light-like points, and l ∋ x 7→
(x, f(x)) ∈ Rn+11 gives a light-like line. By Lemma 1, f must coincide with a
light-like hyperplane, proving the assertion.
(Acknowledgment) The authors express their gratitude to Wayne Rossman for help-
ful comments.
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